Introduction {#Sec1}
============

The study of NP-hard problems has led to the introduction of various hierarchies of relaxations, which typically involve several levels. Moving from one level to the next the relaxations get increasingly tighter and ultimately the exact optimum may be reached, but the computational effort grows accordingly.

Among the most prominent hierarchies are the polyhedral ones from Boros, Crama and Hammer \[[@CR5]\] as well as the ones from Sherali and Adams \[[@CR32]\], Lovász and Schrijver \[[@CR25]\] and Lasserre \[[@CR22]\] which are based on semidefinite programming (SDP). Even though on the starting level they have a simple SDP relaxation, already the first nontrivial level in the hierarchy requires the solution of SDPs in matrices of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( {\begin{array}{c}n\\ 2\end{array}}\right) $$\end{document}$ and on level *k* the matrix order is $\documentclass[12pt]{minimal}
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                \begin{document}$$n^{O(k)}$$\end{document}$. Hence they are considered mainly as theoretical tools and from a practical point of view these hierarchies are of limited use.

Not all hierarchies are of this type. In \[[@CR5]\] a polyhedral hierarchy for the Max-Cut problem is introduced which maintains $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( {\begin{array}{c}n\\ 2\end{array}}\right) $$\end{document}$ variables at all levels, with a growing number of constraints. More recently, Adams, Anjos, Rendl and Wiegele \[[@CR1]\] introduced a hierarchy of SDP relaxations which act in the space of symmetric $\documentclass[12pt]{minimal}
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                \begin{document}$$n \times n$$\end{document}$ matrices and at level *k* of the hierarchy all submatrices of order *k* have to be "exact" in a well-defined sense, i.e. they have to fulfill an *exact subgraph constraint* (ESC).

It is the main purpose of this paper to describe an efficient way to optimize over level *k* of this hierarchy for small values of *k*, e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$k\leqslant 7$$\end{document}$, and demonstrate the efficiency of our approach for the Max-Cut, stable set and coloring problem. These investigations were started in \[[@CR12], [@CR13]\] and here we offer the full picture.
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                \begin{document}$$\left( {\begin{array}{c}n\\ k\end{array}}\right) $$\end{document}$ possible ESCs in an SDP in matrices of order *n* is computationally infeasible even for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=3$$\end{document}$, because each ESC creates roughly $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( {\begin{array}{c}k\\ 2\end{array}}\right) $$\end{document}$ additional equality constraints and at most $\documentclass[12pt]{minimal}
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                \begin{document}$$2^k$$\end{document}$ additional variables.

We suggest the following ideas to overcome this difficulty. First we proceed iteratively, and in each iteration we include only (a few hundred of) the most violated ESCs. More importantly, we propose to solve the dual of the resulting SDP. The structure of this SDP with ESCs admits a reformulation of the dual in the form of a non-smooth convex minimization problem with attractive features. First, any dual solution yields a valid bound for our relaxations, so it is not necessary to carry out the minimization to optimality. Secondly, the dual function evaluation decomposes into two independent problems. The first one is simply a sum of max-terms (one for each ESC), and the second one consists in solving a "basic" SDP, independent of the ESCs. The optimizer for this second problem also yields a subgradient of the objective function. With this information at hand we suggest to use the bundle method from non-smooth convex optimization. It provides an effective machinery to get close to a minimizer in few iterations.

As a result we are able to get near optimal solutions where all ESCs for small values of *k* ($\documentclass[12pt]{minimal}
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                \begin{document}$$k \leqslant 7$$\end{document}$) are satisfied up to a small error tolerance. Our computational results demonstrate the practical potential of this approach.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we briefly describe the Max-Cut, the stable set and the coloring problem along with their semidefinite relaxations, which are well-studied in the literature. Sect. [3](#Sec6){ref-type="sec"} recalls the exact subgraph hierarchy, described in \[[@CR1]\]. We introduce a unified setting for all these problems and take a look at their structural properties. In Sect. [4](#Sec9){ref-type="sec"} we reformulate the SDP and consider a partial Lagrangian dual. It results in many subproblems, separating the basic SDP part from the ESC part. The bundle method from non-smooth optimization is described in Sect. [5](#Sec10){ref-type="sec"} as an attractive algorithmic framework to deal with the subproblems in the partial Lagrangian dual. In Sect. [6](#Sec14){ref-type="sec"} we describe our algorithm in order to obtain exact subgraph based SDP bounds. We argue in Sect. [7](#Sec18){ref-type="sec"} that standard SDP solvers are only of limited use when dealing with our ESC hierarchy and present extensive computational results. Finally we close with conclusions and future work in Sect. [8](#Sec22){ref-type="sec"}.

We finish this introductory section with some notation. We denote the vector of all-ones of size *n* with $\documentclass[12pt]{minimal}
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                \begin{document}$${\varDelta }_n = \{x \in {{\mathbb {R}}}^{n}_{+}: \sum _{i=1}^{n}x_{i} = 1\}$$\end{document}$. If the dimension is clear from the context we may omit the index and write $\documentclass[12pt]{minimal}
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                \begin{document}$${\varDelta }$$\end{document}$. Furthermore let $\documentclass[12pt]{minimal}
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                \begin{document}$$N = \{1, 2, \dots , n\}$$\end{document}$. A graph *G* on *n* vertices has vertex set *N* and edge set *E*. The complement graph $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{G}}$$\end{document}$ of a graph *G* has the same vertex set *N* and contains an edge $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {S}}}_{n}$$\end{document}$ is the set of *n*-dimensional symmetric matrices. A spectrahedron is a set that is obtained as the intersection of the cone of positive semidefinite matrices with some linear affine subspace.

Combinatorial problems and semidefinite relaxations {#Sec2}
===================================================

The Max-Cut problem {#Sec3}
-------------------

In the Max-Cut problem a symmetric matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$L \in {{\mathcal {S}}}_{n}$$\end{document}$ is given and $\documentclass[12pt]{minimal}
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                \begin{document}$$c \in \{-1,1 \}^{n}$$\end{document}$ which maximizes $\documentclass[12pt]{minimal}
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                \begin{document}$$c^{T}Lc$$\end{document}$ should be determined.

If the matrix *L* corresponds to the Laplacian matrix of a (edge-weighted undirected) graph *G*, this is equivalent to finding a partition of the vertices of *G* into two subsets such that the total weight of the edges joining these two subsets is maximized. Such an edge set is also called a *cut* in *G*.

Partitions of *N* into two subsets can be expressed as $\documentclass[12pt]{minimal}
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                \begin{document}$$c \in \{-1,1 \}^{n}$$\end{document}$ where the two subsets of *N* correspond to the entries of *c* with the same sign. Given $\documentclass[12pt]{minimal}
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                \begin{document}$$C=cc^{ {T} }$$\end{document}$ a *cut matrix*. The convex hull of all cut matrices (of order *n*) is denoted by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\,\mathrm{CUT}\,}}_{n} = {{\,\mathrm{conv}\,}}\left\{ cc^{ {T} }:~ c \in \{-1,1\}^{n} \right\} \end{aligned}$$\end{document}$$or simply $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{CUT}\,}}$$\end{document}$ if the dimension is clear from the context. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$c^{ {T} }Lc = \langle L, cc^{ {T} } \rangle $$\end{document}$ the Max-Cut problem can also be written as the following (intractable) linear program$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} z_{mc} = \max \{ \langle L, X\rangle :~ X \in {{\,\mathrm{CUT}\,}}\}. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{CUT}\,}}$$\end{document}$ is contained in the spectrahedron$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {X}}}^{E}= \left\{ X \in {{\mathcal {S}}}_{n} : {{\,\mathrm{diag}\,}}(X) = \mathbb {1}_{n},\, X \succcurlyeq 0 \right\} , \end{aligned}$$\end{document}$$hence$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} r_{mc} = \max \left\{ \langle L,X\rangle :~ X \in {{\mathcal {X}}}^{E}\right\} \end{aligned}$$\end{document}$$is a basic semidefinite relaxation for Max-Cut. This model is well-known, attributed to Schrijver and was introduced in a dual form by Delorme and Poljak \[[@CR8]\]. It can be solved in polynomial time to a fixed prescribed precision and solving this relaxation for $\documentclass[12pt]{minimal}
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                \begin{document}$$n=1000$$\end{document}$ takes only a few seconds.

It is well-known that the Max-Cut problem is NP-hard. On the positive side, Goemans and Williamson \[[@CR14]\] show that one can find a cut in a graph with nonnegative edge weights of value at least 0.878$\documentclass[12pt]{minimal}
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The stable set problem {#Sec4}
----------------------

In the stable set problem the input is an unweighted graph *G*. We call a subset of the vertices *stable*, if no two vertices are adjacent. Moreover we call a vector $\documentclass[12pt]{minimal}
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                \begin{document}$$s \in \{0,1 \}^n$$\end{document}$ a *stable set vector* if it is the incidence vector of a stable set. The convex hull of all stable set vectors of *G* is denoted with $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{STAB}\,}}(G)$$\end{document}$. In the stable set problem we want to determine the *stability number* $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha (G)$$\end{document}$, which denotes the cardinality of a largest stable set in *G*, hence$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \alpha (G) = \max \left\{ \mathbb {1}_{}^{ {T} }s:~ s \in {{\,\mathrm{STAB}\,}}(G) \right\} . \end{aligned}$$\end{document}$$Furthermore we denote with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\,\mathrm{STAB}\,}}^{2}(G) = {{\,\mathrm{conv}\,}}\left\{ ss^{ {T} }:~ s \in {{\,\mathrm{STAB}\,}}(G) \right\} \end{aligned}$$\end{document}$$the convex hull of all *stable set matrices* $\documentclass[12pt]{minimal}
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                \begin{document}$$ss^{ {T} }$$\end{document}$. Then with the arguments of Gaar \[[@CR12]\] it is easy to check that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \alpha (G) = \max \left\{ {{\,\mathrm{trace}\,}}(X):~ X \in {{\,\mathrm{STAB}\,}}^2(G) \right\} . \end{aligned}$$\end{document}$$Furthermore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{STAB}\,}}^{2}(G)$$\end{document}$ is contained in the following spectrahedron$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {X}}}^{S}= \left\{ X \in {{\mathcal {S}}}_{n} :~ X_{ij}=0 \quad \forall \{i,j\} \in E,~ x = {{\,\mathrm{diag}\,}}(X),~ \left( \begin{array}{cc} 1 &{} x^{ {T} } \\ x &{} X \end{array} \right) \succcurlyeq 0 \right\} , \end{aligned}$$\end{document}$$which is known as the *theta body* in the literature. Therefore$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \vartheta (G)= \max \left\{ {{\,\mathrm{trace}\,}}(X):~ X \in {{\mathcal {X}}}^{S}\right\} \end{aligned}$$\end{document}$$is a relaxation of the stable set problem. The Lovász theta function $\documentclass[12pt]{minimal}
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                \begin{document}$$\vartheta (G)$$\end{document}$ was introduced in a seminal paper by Lovász \[[@CR24]\]. We refer to Grötschel, Lovász and Schrijver \[[@CR15]\] for a comprehensive analysis of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha (G)$$\end{document}$ is again NP-hard. Contrary to Max-Cut, which has a polynomial time .878-approximation, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon >0$$\end{document}$ there can be no polynomial time algorithm that approximates $\documentclass[12pt]{minimal}
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                \begin{document}$$P=NP$$\end{document}$, see Håstad \[[@CR17]\].

The vertex coloring problem {#Sec5}
---------------------------

The coloring problem for a given graph *G* consists in determining the *chromatic number* $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi (G)$$\end{document}$, which is the smallest *t* such that *N* can be partitioned into *t* stable sets. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S=(s_{1}, \ldots , s_{k})$$\end{document}$ be a matrix where each column $\documentclass[12pt]{minimal}
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                \begin{document}$$s_i$$\end{document}$ is a stable set vector and the corresponding stable sets partition *N* into *k* sets. Let us call such matrices *S* *stable-set partition matrices* (SSPM) and denote by \|*S*\| the number of columns of *S* or equivalently the number of stable set vectors of *S*. The $\documentclass[12pt]{minimal}
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                \begin{document}$$X=SS^{T}$$\end{document}$ is called *coloring matrix*. The convex hull of the set of all coloring matrices of *G* is denoted by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\,\mathrm{COL}\,}}(G) = {{\,\mathrm{conv}\,}}\left\{ X:~ X \text { is a coloring matrix of }G \right\} . \end{aligned}$$\end{document}$$We also need the *extended coloring polytope*$$\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{COL}\,}}^{\varepsilon }$$\end{document}$ can be relaxed to the easier spectrahedron$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {X}}}^{C}= \left\{ \left( \begin{array}{cc} t &{} \mathbb {1}_{}^{ {T} }\\ \mathbb {1}_{} &{} X \end{array}\right) \succcurlyeq 0:~ {{\,\mathrm{diag}\,}}(X)=\mathbb {1}_{n}, X_{ij}=0 ~\forall \{i,j\} \in E \right\} \end{aligned}$$\end{document}$$and we can consider the semidefinite program$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Exact subgraph hierarchy {#Sec6}
========================

Definition of the hierarchy {#Sec7}
---------------------------
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We first look at the exact subgraph relaxations for Max-Cut. Adams, Anjos, Rendl and Wiegele \[[@CR1]\] introduced additional constraints for the Max-Cut relaxation ([1](#Equ1){ref-type=""}) in the following way. The *exact subgraph constraint* (ESC) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I \subseteq N$$\end{document}$ requires that the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_{I}$$\end{document}$ corresponding to the subgraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$ lies in the convex hull of the cut matrices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$, that is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_{I}\in {{\,\mathrm{CUT}\,}}_{|I|}. \end{aligned}$$\end{document}$$The ESC for *I* can equivalently be phrased as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_{I}= \sum _{i=1}^{t_{I}} \lambda _{i}C^{I}_{i} \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in {\varDelta }_{t_{I}}$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^{I}_{i}$$\end{document}$ is the *i*-th cut matrix of the subgraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{I}$$\end{document}$ is the total number of cut matrices. If *X* is a solution of ([1](#Equ1){ref-type=""}) that fulfills the ESC for some *I* we say that *X* is *exact* on *I* and *X* is *exact* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$.

Now we want the ESCs to be fulfilled not only for one but for a certain selection of subgraphs. We denote with *J* the set of subsets *I*, on which we require *X* to be exact, and get the following SDP relaxation with ESCs for Max-Cut.$$\documentclass[12pt]{minimal}
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Structural differences of the three problems {#Sec8}
--------------------------------------------

The focus of this paper lies in computational results, so we omit further extensive theoretical investigations, but we want to draw the attention to a major structural difference between the Max-Cut problem and the stable set and the coloring problem. Towards this end we consider one graph from the Erdős-Rényi model *G*(*n*, *p*) with $\documentclass[12pt]{minimal}
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We compute the optimal solutions of the basic relaxations ([1](#Equ1){ref-type=""}), ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) and denote them by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^*$$\end{document}$. Then for each subgraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$ of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \{2,3,4,5\}$$\end{document}$ we compute the projection distance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _{mc}^I$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _{ss}^I$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _{c}^I$$\end{document}$ of the submatrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_{I}^*$$\end{document}$ of the corresponding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X^*$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{CUT}\,}}_k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{STAB}\,}}(G_{I})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{COL}\,}}(G_{I})$$\end{document}$, respectively. So for example$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta _{mc}^I = \min _{C \in {{\,\mathrm{CUT}\,}}_k} \left\Vert X_{I}^*- C \right\Vert , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\Vert . \right\Vert $$\end{document}$ denotes the Frobenius norm. We consider a subgraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{I}$$\end{document}$ as violated, if the projection distance is larger than the small tolerance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$5\cdot 10^{-5}$$\end{document}$.Table 1The percentage of violated subgraphs of order *k* for one random graph*k*2345\# Subgraphs4950161700392122575287520% Violated subgraphs MC0.0049.5991.6999.83% Violated subgraphs SS7.5421.9641.0060.88% Violated subgraphs CO5.8216.8331.9049.14
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In Table [1](#Tab1){ref-type="table"} one sees that the number of violated subgraphs is much higher in the case of the Max-Cut problem than for the stable set and the coloring problem. Figures [1](#Fig1){ref-type="fig"}, [2](#Fig2){ref-type="fig"} and [3](#Fig3){ref-type="fig"} show the distribution of the projection distances of the violated subgraphs. They are normalized in such a way that 1 is the total number of violated subgraphs. Here it becomes obvious that for the Max-Cut problem most of the violated subgraphs have a large violation, whereas most of the violated subgraphs for the coloring problem have a small violation and an even smaller violation for the stable set problem.

Therefore in the case of the Max-Cut problem there are very many violated subgraphs, and typically all of them have a large projection distance. On the other hand for the stable set and the coloring problem only very few subgraphs have a large projection distance, the majority of the subgraphs is either not violated at all or only violated a little bit. Hence finding significantly violated subgraphs is much more difficult for the stable set and the coloring problem, than it is for the Max-Cut problem.

A possible explanation for this consists of the following dimension argument. Let *G* be a graph on *n* vertices with *m* edges. The SDP relaxation for Max-Cut starts out with a matrix variable of size *n* and *n* equations, while the evaluation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vartheta (G)$$\end{document}$ requires a matrix of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+m+1$$\end{document}$ equations and in the computation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t^{*}(G)$$\end{document}$ there is a matrix of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n+1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2n + m$$\end{document}$ equations. Hence the Max-Cut, stable set and coloring relaxation are contained in a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( {\begin{array}{c}n\\ 2\end{array}}\right) $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( {\begin{array}{c}n\\ 2\end{array}}\right) + n - m$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( {\begin{array}{c}n\\ 2\end{array}}\right) - m + 1$$\end{document}$ dimensional space, and it makes sense that Max-Cut has the most and coloring has the least violated ESCs, just as we see it in Table [1](#Tab1){ref-type="table"}. Furthermore in the stable set and the coloring relaxation the additional row and column together with the positive semidefiniteness constraint effect all entries of *X*, even if they are not directly addressed by any constraint. Therefore it is plausible that the violations for the Max-Cut problem are much larger than those for the stable set and the coloring problem.

For our computations that means that there is the hope that fewer ESCs are necessary to tighten the basic relaxation. This intuition is indeed confirmed in our computational experiments in Sect. [7](#Sec18){ref-type="sec"}.

Partial Lagrangian dual {#Sec9}
=======================

We are interested in solving relaxations ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}) with a potentially large number of ESCs, where using interior point solvers is too time consuming. In this section we will first establish a unified formulation of the relaxations ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}). Then we will build the partial Lagrangian dual of this formulation, where only the ESCs are dualized.

In order to unify the notation for the three problems observe that the ESCs $\documentclass[12pt]{minimal}
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A formal description of ESC in ([7](#Equ7){ref-type=""}) requires some additional notation. First we introduce the projection $\documentclass[12pt]{minimal}
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With ([11](#Equ11){ref-type=""}) and ([12](#Equ12){ref-type=""}) we reformulate the partial Lagrangian dual ([10](#Equ10){ref-type=""}) to$$\documentclass[12pt]{minimal}
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Solving the partial Lagrangian dual {#Sec10}
===================================

The bundle method {#Sec11}
-----------------

The bundle method is a well established tool in convex optimization to minimize a non-smooth convex function. We refer to the recent monograph Bonnans, Gilbert, Lemaréchal and Sagastizábal \[[@CR4]\] for a nice introduction. In our setting we want to use the bundle method in order to solve an SDP. Helmberg and Rendl \[[@CR18]\] were the first to use a bundle method to solve SDPs in 2000. Later Fischer, Gruber, Rendl and Sotirov \[[@CR10]\] and Rendl and Sotirov \[[@CR29]\] used the bundle method for SDPs in order to get good relaxations for the Max-Cut and the equipartition problem and the quadratic assignment problem, respectively.
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The second step in each bundle iteration is to evaluate the function *h* at $\documentclass[12pt]{minimal}
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The dual of the bundle master problem {#Sec12}
-------------------------------------

In the bundle method it is commonly proposed to solve the dual problem of ([16](#Equ16){ref-type=""}), hence next we derive the dual of ([16](#Equ16){ref-type=""}). Towards this end we collect the subgradients $\documentclass[12pt]{minimal}
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Our bundle method {#Sec13}
-----------------

So far we have sketched how to use our bundle method in order to obtain a solution *y* of ([14](#Equ14){ref-type=""}), but actually we are interested in a solution *X* of ([9](#Equ9){ref-type=""}). One can use the bundle $\documentclass[12pt]{minimal}
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We are now able to present our version of the bundle method. Note that there is no need of keeping $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {B}}$$\end{document}$. Algorithm 1 summarizes the main computational steps of our bundle method to get an approximate optimal solutions of ([9](#Equ9){ref-type=""}) and ([14](#Equ14){ref-type=""}).

The generic description of our bundle method in Algorithm 1 leaves some flexibility to the user. We will present implementation details in Sect. [6.3](#Sec17){ref-type="sec"}.

The computation of ESCs based bounds {#Sec14}
====================================

The overall algorithm {#Sec15}
---------------------

The goal of this paper is to get good bounds on the optimal Max-Cut value $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi (G)$$\end{document}$ by including ESCs into the basic SDP relaxations ([1](#Equ1){ref-type=""}), ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) in order to improve the bounds from the basic SDP relaxations. We will call bounds obtained in this way *exact subgraph bounds (ESB)*. In other words ESBs are attained by solving ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}) or, in the generic form, by solving ([9](#Equ9){ref-type=""}).

Up to now we have concentrated on the most subtle part of retrieving good ESBs, which consists in solving the SDP relaxation ([9](#Equ9){ref-type=""}) with a given set *J* of ESCs. Our ultimate goal however is to reach ESBs where all ESCs of order *k* are (nearly) satisfied for small values of *k* like $\documentclass[12pt]{minimal}
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We propose to reach this goal by proceeding iteratively. Starting with $\documentclass[12pt]{minimal}
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                \begin{document}$$k=2$$\end{document}$ in the other cases we search for violated ESCs of order *k* and include only the most violated ESCs that we find into *J*. After solving the SDP ([9](#Equ9){ref-type=""}), we follow an extreme strategy and remove any ESC that has become inactive. As we typically still find further badly violated ESCs this allows us a quick exploration of the entire space of ESCs. Once we do not find ESCs of order *k* with significant violation, we increase *k* and continue. We call each such iteration a *cycle*.

In each cycle so we keep some information, such as the current dual variables $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {B}}$$\end{document}$. Our procedure to compute ESBs is sketched in Algorithm 2.

The typical behavior over a set of cycles for one stable set instance can be seen in Fig. [4](#Fig4){ref-type="fig"}. After only a few cycles with $\documentclass[12pt]{minimal}
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                \begin{document}$$k=3$$\end{document}$. Here it takes 16 cycles to reach a point with all ESCs nearly satisfied. The Figure clearly shows a continuing improvement of the ESB over the cycles.Fig. 4Progress of the ESB over 50 cycles for one instance of Table [4](#Tab4){ref-type="table"}

Note that the ESB computed in Algorithm 2 is indeed a valid bound, because any *y* is feasible for ([14](#Equ14){ref-type=""}) and hence its dual objective function value is a valid bound on the primal optimal objective function value ([9](#Equ9){ref-type=""}), which in turn is a valid bound on the optimal objective function value of the combinatorial optimization problem. Hence it is not necessary to solve ([9](#Equ9){ref-type=""}) and ([14](#Equ14){ref-type=""}) to optimality to obtain valid bounds. Of course we want to use our bundle method, Algorithm 1, in order to obtain the approximate solutions in line [5](#Sec15){ref-type="sec"} of Algorithm 2.

Finding violated exact subgraph constraints {#Sec16}
-------------------------------------------

The key ingredients of Algorithm 2 are on the one hand Algorithm 1, which was detailed in Sect. [5](#Sec10){ref-type="sec"}, and on the other hand the update of the set *J*.

The crucial point in order to do so is to find violated ESCs. Let $\documentclass[12pt]{minimal}
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This minimization may be recast as a quadratic assignment problem consisting of the data matrices $\documentclass[12pt]{minimal}
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                \begin{document}$$n \times n$$\end{document}$ matrix. We repeatedly use a local search heuristic for different fixed *U* in order to obtain potentially violated subgraphs. Then we compute the projection distances of $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{I}$$\end{document}$ and include those into *J* which have the largest projection distances and hence are violated most.

Possible choices for *U* make use of hyperplanes for the respective target polytope, but other choices are possible. In our computations we use a collection of different matrices for *U*, for example matrices that induce facets of the corresponding polytope (if their computation for a particular $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,1,-1\}$$\end{document}$ entries and random matrices. For each cycle we use at most 50 different matrices *U*.

Details of the bundle implementation {#Sec17}
------------------------------------

We now briefly discuss some details of our implementation of Algorithm 1 when used in line [5](#Sec15){ref-type="sec"} of Algorithm 2. First of all one needs to decide on a stopping condition. Ideally we would stop, once a subgradient equal to zero is found. In our case, we either stop once the norm of the new subgradient is small enough (in the case of Max-Cut), or once the difference of the value of the function at the current center point and the value of the subgradient model of the function at the new trial point is smaller than some tolerance (as it is done in \[[@CR4]\], the tolerance is 0.005 in our implementations) or once we reach a maximum number of iterations (30 in our implementations). The third condition is motivated by the fact that we typically will continue adding new violated ESCs, so there is no real need to get the exact minimum of ([14](#Equ14){ref-type=""}). Note however that it is important to come close to the optimal solution, because otherwise the resulting *X* does not have a high enough precision in order to be useful for finding new violated subgraphs.

For updating the bundle we always add the new trial point to the bundle, but remove subgradients from the bundle that have become inactive. This extreme choice of updating the bundle led to the best performance in our computational experiments. In order to update the bundle parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ we use a modification of an update proposed by Kiwiel \[[@CR21]\]. We perform a serious step whenever the improvement of the objective function value of the new trial point is at leas a certain fraction of the expected improvement. This is a standard criterion, see for example \[[@CR19]\]. We solve the bundle master problem as a rotated second-order cone program (see \[[@CR2]\] for more details) with MOSEK.

Computational results {#Sec18}
=====================

Bundle approach versus interior point methods {#Sec19}
---------------------------------------------

We start our computational investigation with a comparison of our bundle method with an interior point method in order to solve ([9](#Equ9){ref-type=""}). In our overall Algorithm 2 presented in Sect. [6](#Sec14){ref-type="sec"} this has to be done in each cycle, so we are highly interested in fast running times.

From a theoretical point of view it is clear which method will win this competition: Assume we include $\documentclass[12pt]{minimal}
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                \begin{document}$$b_{I}\leqslant \left( {\begin{array}{c}k_{I}\\ 2\end{array}}\right) + k_{I}= 15$$\end{document}$ equality and one inequality constraint for each ESC. In total we have up to 32000 variables that have to fulfill up to 16000 constraints in ([9](#Equ9){ref-type=""})---additionally to the variables and constraints of the basic SDP relaxation ([2](#Equ2){ref-type=""}). It is clear that the number of constraints will be a challenge for an interior point solver. In particular an interior point solver has to solve this SDP with a large number of constraints at once, whereas our bundle method in Algorithm 1 "only" has to solve the basic SDP relaxation and the bundle master problem over several iterations. Therefore, we expect the bundle method to be the clear winner in this competition and refrain from a large scale comparison.

Instead, we compare the two methods only on some instances to confirm our theoretical inspection. In Table [2](#Tab2){ref-type="table"} we list the results for one Max-Cut and one stable set instance, both are taken from the Erdős-Rényi model *G*(*n*, *p*). We vary the number of included ESCs for subgraphs of order 3, 4 and 5, so we solve ([4](#Equ4){ref-type=""}) and ([5](#Equ5){ref-type=""}) for different *J*. We choose *J* such that the total number of equality constraints induced by the convex hull formulation of the ESCs *b* ranges between 6000 and 15000. On the one hand we solve the instances with two interior point solvers, namely MOSEK and SDPT3 \[[@CR33], [@CR34]\] and list the running times in seconds. On the other hand we use our bundle method. In our context we are mostly interested to improve the upper bounds quickly, so we do not run Algorithm 1 until we reach a minimizer, but stop after 30 iterations. We list the running time for the oracle, i.e. the sum of the solution times of the basic SDP relaxation, and the overall running times. Additionally we present how much $\documentclass[12pt]{minimal}
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In Table [2](#Tab2){ref-type="table"} one sees that the running times decrease drastically if we use the bundle method compared to interior point solvers. For $\documentclass[12pt]{minimal}
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To summarize our small computational investigation confirms our intuition that the bundle method is much better suited for our purposes.

We want to point out that the number of bundle iterations can be increased in order to get closer to the optimum. For the larger instances in Table [2](#Tab2){ref-type="table"} this will still result in significantly shorter running times.

Note that the bundle method has another advantage: A warm start with the bundle $\documentclass[12pt]{minimal}
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As a last remark we want to draw the attention to the running times for the oracle in Table [2](#Tab2){ref-type="table"}. For the stable set problem the oracle needs over half of the running time, whereas in the Max-Cut problem the oracle evaluation is much faster. This is due to the fact that the basic SDP relaxation is a simpler SDP for the Max-Cut problem.

In the following we present several computational results for obtained ESB by using the bundle method. Note that we refrain from comparing the running times of our bundle method with the running time of interior point methods, because interior point methods would reach their limit very soon.

The stable set and the coloring problem {#Sec20}
---------------------------------------

In this section we will extend the computational results from \[[@CR13]\] for the stable set and the coloring problem. The computational investigations show that (i) the ESB obtained by including ESCs of fixed order $\documentclass[12pt]{minimal}
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As a first structural easy class of graphs we consider two-dimensional torus graphs which are constructed as follows. For given *d*, the graph $\documentclass[12pt]{minimal}
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When considering the running times observe that the majority of the running time (given in seconds in Table [3](#Tab3){ref-type="table"}) is used for the oracle, because the SDP to evaluate $\documentclass[12pt]{minimal}
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As a second class of problems we consider random near-*r*-regular graphs, which we generate as follows. We select a perfect matching on *nr* vertices and then we identify consecutive groups of *r* vertices into a single vertex. This yields a regular multigraph on *n* vertices. We remove loops and multiple edges resulting in a near-regular graph. In Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"} we provide results for random graphs. We compare near-regular graphs with random graphs from the Erdős-Rényi model where the density *p* is chosen so that the number of edges roughly matches those of the regular graphs. We compute our ESB and use a heuristic to compute large stable sets. In the results the gap between $\documentclass[12pt]{minimal}
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As a last experiment for the stable set problem in Table [6](#Tab6){ref-type="table"} we consider instances from the literature, taken mostly from the DIMACS challenge \[[@CR9]\]. On some instances there is hardly any improvement of the bound, while other instances are solved to optimality. It requires future research to get a better understanding for the fluctuation in quality on these instances, but for almost all instances the bound improves by at least one integer value.

The computation times for these instances range from 200 to 500 s for the smaller instances ($\documentclass[12pt]{minimal}
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Note that in our computations we aim for getting as good bounds as possible. If one wants to use the bounds in a branch-and-bound setting, a much more aggressive strategy with increasing $\documentclass[12pt]{minimal}
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Results for a selection of coloring instances from \[[@CR27]\] are provided in Table [7](#Tab7){ref-type="table"}. As in the case of the stable set problem we use Algorithm 2 to obtain ESBs. We include at most 100 ESCs in each cycle, only include ESCs for subgraphs of order $\documentclass[12pt]{minimal}
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                \begin{document}$$t^{*}(G)$$\end{document}$. The large running times are due to the difficult basic SDP relaxation ([3](#Equ3){ref-type=""}).

The Max-Cut problem {#Sec21}
-------------------

Finally we are ready to present computational results for the Max-Cut problem. It is well known that in the basic SDP relaxation of Max-Cut ([1](#Equ1){ref-type=""}) all ESCs of order 3 can equivalently be represented by the metric polytope \[[@CR23]\]. Optimizing over it gives the exact solution to Max-Cut on graphs not contractible to $\documentclass[12pt]{minimal}
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                \begin{document}$$K_5$$\end{document}$, in particular on planar graphs. It is also well known that optimizing over the metric polytope may lead to rather weak relaxations for general graphs. In contrast, the simple SDP relaxation ([1](#Equ1){ref-type=""}) provides an upper bound at most 14% above the optimal value of Max-Cut for graphs with nonnegative edge weights, see \[[@CR14]\].

In our computational experiments with Max-Cut we noted that the number of ESCs necessary to insure that all ESCs for a given value *k* are satisfied can be quite large (see Sect. [3.2](#Sec8){ref-type="sec"}), even for small values of *n*, such as $\documentclass[12pt]{minimal}
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We first consider random graphs on *n* vertices from the Erdős-Rényi model *G*(*n*, *p*). Each edge is then assigned the weight 1 or $\documentclass[12pt]{minimal}
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                \begin{document}$$k=7$$\end{document}$. The last column contains the number of ESCs at termination. It ranges from about 3000 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=100$$\end{document}$ to about 4500 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=150$$\end{document}$ and justifies our strategy to represent each ESC through a single cutting plane.

Next we consider graphs from the Beasley collection \[[@CR3]\] with $\documentclass[12pt]{minimal}
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                \begin{document}$$n=250$$\end{document}$. Rendl, Rinaldi and Wiegele \[[@CR28]\] used 10 of these instances in a branch-and-bound setting. The "hardest" instance 250-08 reported in \[[@CR28]\] resulted in 4553 nodes in the branch-and-bound tree and took several days of computation time. All the other 9 instances from this collection resulted in branch-and-bound trees having between 17 and 223 nodes with computation times in the order of hours, see Table 6 from \[[@CR28]\]. We recomputed the root bound for all these instances and present our root gap in Table [9](#Tab9){ref-type="table"}. We find it remarkable that our new bounding procedure is strong enough to prove optimality for all these instances right at the root node with the exception of problem 250-08. For this problem the gap at the root node was 2.19%. We recomputed the root bound in our setting and came up with a root gap of only 0.5%, thus reducing the gap by 75%.Table 9Max-Cut results for graphs from the OR libraryGraphOpt. cut\# Branch-and-bound nodes \[[@CR28]\]Root gap \[[@CR28]\]Our root gap250-0145607370.44\*250-0244810190.56\*250-0349037190.14\*250-0441274170.39\*250-0547961210.35\*250-06410142231.03\*250-0746757370.44\*250-083572645532.190.5250-0948916470.78\*250-1040442630.62\*Table 10Max-Cut results for Chimera graphs with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=512$$\end{document}$GraphFinal ESBBest found cut\#ESCchimera-1434.3843322275chimera-2452.6945124707chimera-3447.3544722390chimera-4439.9043920748chimera-5441.6644022838

As a final experiment we consider Max-Cut instances on *Chimera graphs*. This class of graphs has found increased interest in connection with quantum annealing, see \[[@CR6]\] for further details. In Table [10](#Tab10){ref-type="table"} we provide computational results with such graphs on $\documentclass[12pt]{minimal}
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                \begin{document}$$n=512$$\end{document}$ vertices. We compute our ESB and also use a heuristic to find a good cut. It turns out that our bounding approach works nicely on these graphs, leading to provably optimal solutions in 2 out of 5 instances and the smallest possible positive gap (of 1) in the remaining cases. The computation times for each of these (big) instances range from 700 to 900 s, which we consider remarkable when dealing with more than 20000 ESCs.

We conclude that for Max-Cut our ESB constitute a substantial improvement compared to the previously used strongest bounds based on SDP with triangle inequalities \[[@CR28]\]. These correspond to the column labeled 3 in Table [8](#Tab8){ref-type="table"}.

Conclusions and future work {#Sec22}
===========================

Summarizing, we offer the following conclusions from the computational results. Our computational approach based on the partial Lagrangian dual is very efficient in handling also a large number of ESCs. The dual function evaluation separates the SDP part from the ESCs and therefore opens the way for large-scale computations. The minimization of the dual function is carried out as a convex quadratic optimization problem without any SDP constraints, and therefore is also suitable for a large number of ESCs.

Our computational results for stable set and coloring confirm the theoretical hardness results for these problems. Including ESCs of rather small size ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \leqslant 8$$\end{document}$) yields a noticeable improvement of the bounds.

The limiting factor for stable set instances is the solution time of the oracle. Hence it is desirable to have a fast solver for these kind of instances.

On the practical side we consider the cutting plane weakening of the ESCs for Max-Cut a promising new way to tighten bounds for this problem.

It will be a future project to explore these bounds in a branch-and-bound setting in order to solve Max-Cut, stable set and coloring instances to optimality.
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